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Vortex Modeling of Gaseous Jets in a Compressible Crossflow

S. D. Heister* and A. R. Karagoziant
University of California, Los Angeles, Los Angeles, California

This paper discusses an analytical/numerical model developed to describe the behavior of gaseous jets injected
transversely into a subsonic (but compressible) crossflow. The cross section of the jet is modeled as an inviscid,
compressible vortex pair, consistent with experimental observations of the transverse jet cross section. The
numerically computed behavior of the vortex pair is used as an input to mass and momentum balances along the
jet, forming a model that describes the trajectory, entrainment, and mixing of jets injected into subsonic
crossflows in the range 0.15 < Mx < 0.8. Theoretical predictions of jet trajectories are compared with limited
experimental data, yielding accuracy within 10%. Because very short computational times are required for this
model, it could serve as an excellent design tool for perfectly expanded or slightly underexpanded jets in subsonic
crossflow.

Nomenclature
B = constant used in defining jet cross-sectional area
d = jet orifice diameter
Fy = dimensionless force tending to separate vortices due to

compressibility associated with vortex pair
Fyp = dimensionless force tending to separate vortices due to

jet underexpansion
h = dimensionless vortex pair half-spacing
/ = dimensionless jet impulse per unit depth at the orifice
k = recirculation cell perimeter-to-area ratio
M = Mach number
p = dimensionless pressure
R - jet-to-crossflow momentum ratio =pjoUj0
s = dimensionless distance measured along jet trajectory
t = dimensionless time
U = dimensionless velocity
w = dimensionless mass-per-unit depth within jet cross

section
x0 = dimensionless .x-intercept of stagnation streamline
X = streamwise coordinate of jet trajectory
j^o = dimensionless y -intercept of stagnation streamline
Z = transverse coordinate of jet trajectory
7 = ratio of specific heats
F = dimensionless vortex strength
p = dimensionless density
(f)v = jet orientation angle

Subscripts
c = recirculation cell condition
j = jet conditions
jo = jet conditions at orifice
oo = freestream conditions

Superscript
(") = dimensional quantity
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Introduction

T HE transverse jet is a classical problem in fluid mechanics
that has several applications of practical importance in-

cluding fuel jets injected in turbojet, ramjet, and scram jet
combustors, dilution jets for local cooling in turbojet engines
or external components of aerospace vehicles, thrust vector
control systems, and vertical or short takeoff and landing
aircraft. The goal of the modeling described in this paper is to
describe the trajectories and downstream mixing of single
gaseous jets injected transversely through a circular orifice
into a uniform compressible (subsonic) stream of fluid. It is of
particular interest to be able to develop a model that can be
used as a design tool, i.e., one that requires a minimum of
computational time.

Although there has been much research into the behavior of
transverse jets in low-speed (incompressible) and supersonic
crossflows, surprisingly little has been published regarding
flow in the subsonic (but compressible) regime. Early super-
sonic flow experiments were conducted by Spaid and
Zukoski.1'3 These researchers likened the jet to a hemispheri-
cal body, and by developing a force balance on this imaginary
body, they were able to correlate jet penetration with injection
and crossflow parameters. Similar models have been devel-
oped by Hsia4 for the case of a supersonic crossflow and
Manela and Seginer5 for the case of a transonic crossflow. The
model of Manela and Seginer appears as one of the few models
applicable to the high subsonic range, but suffers from the fact
that the actual jet trajectory and mixing are not calculated.
Experimental studies by Manela and Seginer do provide data
on jet trajectories, however.

As early as 1963, Abramovich6 described the cross section of
a transverse jet as elliptical or "kidney shaped" due to the
pressure/shear field imposed by the freestream flow. In the
1970's, experiments by Fearn and Weston7 and Kamotani and
Greber8 revealed a vortex pair structure associated with jets in
low-speed crossflows. Fearn and Weston7 and LeGrives9 made
use of these observations to develop semiempirical vortex
models for computing trajectories of gaseous jets in incom-
pressible crossflows.

More recently, Karagozian and co-workers10"13 developed
analytical models for nonreacting and reacting jets in cross-
flow that represent the jet cross section as a pair of counter-
rotating vortices in an incompressible uniform stream. The
models are locally two-dimensional and assume the jet (or,
with a reaction, the "flame") cross section to be comprised of
a_counter-rotating, viscous vortex pair separated by a distance
2h. Upon introduction of the uniform crossflow locally per-
pendicular to the jet, the resulting cross section is approxi-
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mately that of the classical Kelvin oval. Viscous effects act to
separate the vortices downstream. The model also incorpo-
rates a momentum balance along the jet as well as a represen-
tation for vortex strength, which accounts for jet impulse and
viscous forces at the periphery of the jet orifice. Ultimately, jet
trajectories, cross-sectional area, flame lengths, and other
characteristics are predicted and compared favorably with ex-
perimental results.

This type of vortex model cannot be used in the case of a
highly compressible subsonic or supersonic jet or cross stream,
but the general approach does eliminate several of the deficien-
cies associated with previous transverse jet models. The major
difficulty in applying the technique lies in representation of a
compressible vortex pair. The very recent work of Moore and
Pullin14 and Heister et al.15'16 suggests that a solution for the
flow about a compressible vortex pair is possible, which can
serve as a basis for a compressible version of the Karagozian
model. In particular, the numerical solution in Heister16 pro-
vides the shape of the vortex pair recirculation cell and the
force that tends to separate the compressible vortices, which,
in conjunction with one-dimensional mass and momentum
balances along the jet, permits calculation of the jet trajectory.
This paper presents a description of this subsonic crossflow
model and a parametric summary of results and comparison
with limited experimental data.

Vortex Modeling and the Compressible
Vortex Pair Solution

Figure 1 provides a schematic description of a gas jet in a
subsonic crossflow. The boundary layer along the wall is ne-
glected here, since this is a low-momentum region in which
little jet turning occurs. One-dimensional isentropic flow is
assumed to take place along the jet, so that shock structures
associated with highly underexpanded jets will not be consid-
ered. However, if the jet is only slightly underexpanded, then
shocks within the jet are weak, and the isentropic assumption
is approximately valid.

The jet cross section is assumed to be comprised of a pair of
counter-rotating, compressible vortices with dimensionless cir-
culations ± F, separated by a dimensionless distance 2h. Vor-
tex strength is nondimensionalized by freestream velocity and
the jet orifice diameter, whereas vortex half-spacing is nondi-
mensionalized by orifice diameter. The local velocity perpen-

dicular to the cross section is related to the sine of the jet
orientation angle <£„. Solution of the flowfield associated with
the compressible vortex pair allows calculation of a net force
tending to separate the vortices Fy, which is a function of
MOO sin</>y. This force results from compressibility effects only.
If the jet is underexpanded, an additional force Fyp tends to
drive the vortices apart.

All jet and freestream conditions are nondimensionalized
using freestream density PO° and velocity I/*,, as well as the
orifice diameter d. There are six basic dimensionless parame-
ters that completely describe the jet injection process. These
parameters include the jet and freestream Mach numbers (M/,
Mo,), the jet and freestream ratio of specific heats (77,7), the
jet-to-crossflow velocity ratio (Ujo), and the jet-to-crossflow
momentum flux ratio R, which is defined as

Here, p refers to gas density, and jo refers to the conditions at
jet injection, each nondimensionalized by freestream condi-
tions. We note in passing that our definition of R is the square
of the definition employed by other researchers7'10; it may also
be expressed in terms of the initial jet-to-crossflow pressure
ratio Pjo/p*,

(2)

where pressures are rendered nondimensional using freestream
density and velocity. Clearly, pjo, pjo, and /?«, are not initial
inputs, but may be calculated in terms of input quantities:

= R/(yjMf), = \/(yMl)

(3)

(4)

and in the nondimensionalization employed, p^ = U& = 1.
In order to calculate the force acting to separate the vortices,

the complete solution for the flowfield associated with a com-
pressible vortex pair in crossflow is required. Figure 2 high-
lights some of the physical differences between compressible
and incompressible vortex pair recirculation cells. The incom-
pressible cell enjoys a symmetry about both x and y axes, with
dimensionless intercepts at x0 = ±V3^, y0 — ±2.Q9h. The
compressible cell is complicated by the presence of vacuum
cores that surround each vortex center, and the possibility of

2.09h

Section A—A

Compressible Vortex Pair

-V3h 0

Incompressible Recirculation Cell

Vacuum Core Shock

Fig. 1 Schematic description of a gaseous jet in a subsonic crossflow.

Compressible Recirculation Cell

Fig. 2 Comparison of features of incompressible and compressible
vortex pair recirculation cells.
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a shock existing in the recirculating region for x>0. The
vacuum cores arise from the fact that there is a maximum
achievable flow speed in a compressible fluid at which vacuum
conditions exist. Since for a compressible vortex one can show
that qr = const, where q is the flow speed and r the radial
distance from the vortex center, we must have a vacuum region
surrounding the center of any compressible vortex. The
vacuum increases in size as the freestream Mach number in-
creases. Interested readers are referred to Heister16 for further
discussion of the numerical solution used as input to the
present gas jet model.

Model for the Gaseous Jet in Subsonic Crossflow
Results from the computed flowfield associated with a com-

pressible vortex pair are now utilized in the compressible trans-
verse jet model. To reduce computational time and improve
model efficiency, results are curve fit as a function of upstream
Mach number. Problems associated with the numerical scheme
prohibit accurate solutions beyond M^ = 0.3, so that extrapo-
lation is required to encompass the larger Mach number range
of the gas jet model. The vacuum core surrounding the vortices
becomes a dominant factor above M^ = 0.66, so that a logical
extension of the results for lower M^ must be applied for
crossflow Mach numbers exceeding this value. The results of
the curve fits are presented below:

pc = 1.0 - 0.76(Moo sin^

k = [1.024 + 1.4(Moo sin</>y)

sm<l>vf'7]hpj/pcFy =

(5a)

(5b)

(5c)

where pc is the average dimensionless recirculation cell density,
k represents the ratio of cell perimeter to cell area, and Fy
represents the dimensionless net force tending to separate the
vortices. The pressure ratio in the Fy expression is required in
order to scale forces up or down with respect to the current jet
pressurepj. The cell pressure^ is calculated using the constant
entropy assumption

and the jet pressure is calculated from jet density in a similar
manner.

The quantity Fy is obtained by integrating the net pressure
force on a closed streamline obtained from the compressible
vortex pair solution. This force arises due to the fact that a
vacuum core surrounds each vortex center and that shocks
may be present in the recirculating region. Equations (5) shows
that Fy vanishes as Moo-*0, which is consistent with the incom-
pressible vortex pair solution in that this flowfield contains no
vacuum core and has no net force separating the vortices. In
this limit, viscous forces tend to dominate the vortex pair
separation process, as indicated by Karagozian.10 Although
viscous effects are difficult to study in the case of the com-
pressible vortex pair, order of magnitude estimates indicate
that in the compressible flow regime under consideration, vis-
cous effects are not as important to vortex separation as are
compressibility effects.

Pressure Force for Underexpanded Jets
If the jet is underexpanded, an additional force tends to

separate the vortices. Figure 3 describes schematically the case
where a one-dimensional situation (PJ = const, /?<» = const) is
assumed as a first approximation. The net pressure imbalance
occurs at the jet periphery where we can write

p = (Pj "Ax.)
Jo

'J = xdpj-i (7)

Fig. 3 Schematic description of pressure force Fyp for an underex-
panded jet.

center and the vector boundary, the net force experienced at
the vortex center becomes

Fyp = (8)

Results of Heister's16 compressible vortex pair solutions indi-
cate that recirculation cell size is such that Xo/y0 ~ 1.66 for the
entire Mach number range under consideration. Although this
treatment is only approximate, recall that we are only consid-
ering slightly underexpanded jets, so that a pressure equi-
librium is reached within 2-3 jet diameters of the orifice. For
this reason, this approximate treatment for Fyp is appropriate.

Local Jet Orientation Angle <j>v

Following Karagozian,10 we can develop a relation for the
local jet orientation angle </>„ defined in Fig. 1. The relation is
really one for vortex circulation due to jet impulse and viscous
forces acting at the jet periphery. If bars denote dimensional
quantities, we may write

oo5 sine/), + [I/(2pJi)} cos<Au (9)

where j is a unit vector in the y direction. Now if we assume
a uniform dilatation of the line segment connecting the vortex

where 7 is the initial impulse per unit length along the jet. For
the underexpanded jet, 7 takes the form

(10)

The coefficient of sinc^ in Eq. (9) describes the component of
circulation arising from viscous forces as the crossflow is de-
flected about the jet orifice, while the coefficient of cos<t>v
represents circulation generated in the flowfield by the jet's
impulse. The model for vorticity generation indicated in
Eq. (9) has been shown to adequately represent the local vortex
strength exposed when slices of the jet are taken at the local
angle 0y. For a more complete description of these forces, see
Karagozian10 or Broadwell and Breidenthal.17 The nondimen-
sional form of Eq. (9) can be written strictly in terms of h, <f)v,
and known input variables

T - 2 sine/), + ̂  [R + R/(yjM}) - l/(yMl)] cos<t>v (11)

The circulation in Eq. (11) must be exactly balanced by the
local circulation of the vortex pair Tv, derived from the up-
wash velocity of the pair in crossflow

(12)

where F(M00) is a compressibility correction factor. Moore and
Pullin14 describe this correction factor for small M^ as

(13)

which tends to increase the dimensionless circulation above the
incompressible value of 4?r. The correction is less than 10% at
MOO = 0.5, and since the actual form of F(M(X}) is not known
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for higher M^, we assume here that F(M00) = 1. Incorporating
this assumption and equating Eqs. (11) and (12) gives the
governing relation for 4>v in terms of h:

(47T/Z -2)8/1/IT

R (14)

Initially, we require a transverse injection (sin^ = 1), so that
the initial condition for h becomes

(15)

Force Balance in Jet Cross Section
Referring to Fig. 3, we can apply Newton's second law to the

upper vortex:

d/ (16)

where w/ is the dimensionless mass-per-unit length within the
upper half of the recirculation cell, which changes with "flow"
time t, measured along the jet trajectory. The mass can be
written

•=PjBh2 (17)

where Bh2 represents the area of the upper half of the recircu-
lation cell. The constant B can be determined by setting the
initial recirculation cell area equal to the orifice area:

B = 7T3/2 (18)

Now Wj is dependent on flow time since the mass balance along
the jet incorporates the effects of entraining the outer flow.
Therefore, performing the evaluation of Eq. (16) yields

~dT2
= y

~
_ A dpj_ 2 dh\dh

\PJ dt + h dtj dt (19)

the initial flow time, we can determine the initial slope

dh
-77 ) = Ho/to (23)

and all initial conditions for the differential equation are pre-
scribed.

Mass and Momentum Balances Along the Jet
The final elements required to complete the gas jet model are

relations for the average jet density and velocity as a function
of flow time. As mentioned previously, entrainment of the
outer flow is considered and will tend to decelerate or acceler-
ate the jet, depending on the local jet orientation. For under ex-
panded jets, entrainment is not considered until/?/ =/?«,, since
we have no way of estimating contributions of jet expansion
and entrainment with a single mass balance equation. There-
fore, in this case the jet mass flow must be constant, and the
jet density is simply calculated using

dt h dt' (Pj >P°o) (24)

which requires that all of the area change in the recirculation
cell corresponds to a change in cell density. Once the jet has
expanded to the local pressure, entrainment of additional fluid
is permitted and we may write

dt (25)

where k is given in Eqs. (5). The entrainment represented in the
second term on the right side of Eq. (25) has been calculated
assuming mass addition around the entire jet periphery at a
mass flux of p^U^ cps<£y, which represents the local free-
stream flux parallel to the jet axis.

A momentum balance along the jet will provide as a relation
for the average jet axial velocity Uj. We consider momentum
changes due to mass addition and possible pressure changes:

(26)

a second-order ordinary differential equation in h. Relation
(15) provides the initial value of h required for integration of
Eq. (19), but a second initial condition is required. We follow
the procedure of Karagozian10 and assume a power law behav-
ior near t = tQ, the initial flow time

h = at", Pj = >

Note that <t>v is an additional time-dependent function, but
sin$y varies slowly initially, so we can approximate sin<£y = 1
in order to calculate the initial Fy value. Substituting Eq. (20)
into Eq. (19) and using Eqs. (5) and (18) gives a relation
involving a, b, a, /3, and /. We note that

so that the pressure variation is simply a function of 13. Equat-
ing exponents in the relation yields the following result:

1 = 0 (21)

This contrasts the h<xtl/2 behavior observed by Karagozian10

in the case of the incompressible gas jet. Using Eq. (21) and the
value of h0, we can then solve the governing relation for t0, the
initial flow time

(22)

where o refers to the "initial" state, where 4>v = 90 deg. Given

where m = WjUj is the jet mass flow rate, and Ue is the velocity
of the entrained fluid, assumed to be equal to £/«, cos</v The
pressure derivative can be expressed in terms of density using
Pjpjj = constant, so that Eq. (26) can be rewritten:

dUj
dt(20) ^= -^

Pj &
2 dh\

(27)

yielding a relation in terms of p/ and h derivatives alone. Given
the Uj: resulting from solution of Eq. (26), the dimensionless jet
coordinates (X,Z), shown in Fig. 1, can be obtained using a
simple integration:

X =

Z = dt

(28a)

(28b)

This completes the description of the model.
Equations (19), (25), and (27) are integrated numerically

using Huen's method. Huen's method is a second-order trape-
zoidal scheme presented in most texts on numerical analysis.18

A nondimensional step size of 0.05 is used for all cases. Inte-
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Fig. 4 Comparison of theoretical and experimental results for jet
trajectory at A/«x = 0.156.

Fig. 6 Comparison of theoretical and experimental results for jet
trajectory at Moo = 0.81.
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Mw=0.59, Mj=2.56, R=49.2, Ujo=3.0

— Model Prediction
+ Manela and Seginer, (1986)

10

X

15 20

Fig. 5 Comparison of theoretical and experimental results for jet
trajectory at Moo = 0.59.

Fig. 7 Effect of increasing momentum ratio R on jet trajectory.

gration in Eqs. (28) is performed using a second-order trape-
zoidal method.

The resulting computer code generated using the numerical
technique described previously represents a simple closed-form
description of the transverse jet. The code is only about 200
lines and runs in only a few seconds on the IBM 3090 com-
puter. Typical runs contain 400-600 points along the jet trajec-
tory. The simplicity of the code enables many comparisons and
parametric studies to be made using a minimal amount of
computer time.

Results
In this section, we first compare vortex model calculations

with experiments and then investigate the effects of varying
each of the input parameters governing the jet injection. Un-
fortunately, very little experimental data exist in the range
0.15 <Moo <0.66, which is the range in which the current com-
pressible vortex pair solution is valid. However, the recent
paper by Manela and Seginer5 does provide some jet trajectory
data in this range. In addition, comparisons can be made with

a low Mach number experiment conducted by Fearn and
Weston.7

Although most of Fearn and Weston's data are for the
incompressible regime, one run was made at M*, = 0.156,
barely within the range of applicability of the model. A com-
parison of the experimental and analytical results for the jet
trajectory is provided in Fig. 4. The model tends to overpredict
jet penetration, but does follow the shape of the trajectory well
for much of the curve. The overshoot is due to the fact that no
viscous force tending to separate the vortices has been included
in the model. The viscous, incompressible model of Kara-
gozian10 is more valid in this lower Reynolds number flow
regime and actually predicts the trajectory more closely.

Figure 5 shows good comparison at M^ = 0.59 with the
experimental data of Manela and Seginer.5 The jet is slightly
underexpanded (p//p<» = 2.6) and verifies the significance of
the pressure imbalance force Fyp incorporated in the model.
Extrapolation of compressible vortex pair results to M& = 0.81
permits a comparison with experimental data of Manela and
Seginer at this Mach number, as shown in Fig. 6. In this case,
overall jet penetration is underestimated by about 10%, but
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reasonable agreement is present over the entire trajectory.
Thus, the extrapolation appears to give reasonable results de-
spite a diminished accuracy in the compressible vortex pair
solution.

As discussed in the section on vortex modeling, when we
nondimensionalize using px, £/<», and d, the six independent
parameters describing the jet injection problem are M^, MJ9 7,
yjUj0, and R. Values of the freestream ratio of specific heats
7 are assumed to be 1.4 throughout, whereas a series of runs
are conducted to assess the importance of the other five vari-
ables. Trajectories for 7, variations between 1.2 and 1.4 are
essentially identical, which implies that this parameter is of
secondary importance to description of the resultant jet trajec-
tory. This result agrees with the conclusions of Chrans and
Collins,19 who find no influence of jet characteristics due to
injectant molecular weight. Thus, by eliminating 7 and 7, from
our list of parameters, we investigate the effects of the remain-
ing four variables.

Figure 7 demonstrates the importance of the momentum
flux ratio R in determining jet trajectories. The three R values
shown correspond to injection pressure ratios between 1 (for
the R = 4 case) and 3 (for the R = 12 case). Since Ujo is fixed
for all three cases, increasing R corresponds to increasing the
density ratio, and the threefold increase between upper and
lower curves yields a 100% increase in overall jet penetration.

In Fig. 8, we note the relative insensitivity of jet penetration
to the initial velocity ratio Ujo. For the fixed R value of 16,
increasing Ujo tends to decrease overall penetration slightly. In
other words, for a fixed jet momentum, the low-density, high-
velocity jet realizes a slightly better penetration. This is due to
the fact that the high-speed jets realize a slightly better initial
penetration into the crossflow. The effect, however, is minor,
since a doubling of Ujo decreases overall penetration by only
12%.

Returning to the parameters selected for Fig. 7, Fig. 9 pre-
sents vortex half-spacing h as a function of time. The gradients
in h tend to increase as the jet becomes more underexpanded
(increasing R) due to the Fyp force discussed previously. Al-
though the behavior near the orifice is linear, the overall char-
acter is similar to that of the incompressible formulation of
Karagozian.10'11

The rapid increase in half-spacing h near t = tQ (the jet ori-
fice condition) generates a large degree of entrainment of the
outer flow, as evidenced in Fig. 10. In this figure, the fluid
entrainment ratio E and distance s are defined

E = pjUjh2/(PjUj0ht)
\t

Ujdt

(29a)

(29b)

The curves in Fig. 10 indicate that mixing of the jet and outer
flow decreases with increasing jet momentum. The one-dimen-
sional analysis along the jet probably leads to an underpredic-
tion of effective mixing length, although we are aware of no
data with which to verify this conclusion. A more refined
model may treat the jet axisymmetric density and velocity
distributions and should provide better mixing length and en-
trainment predictions.

The effects of jet underexpansion on jet velocity are illus-
trated in Fig. 11 where R = 4 corresponds to a perfectly ex-
panded jet, and R = 12 corresponds topj/p^ = 3. The under-
expanded jet experiences a rapid velocity increase associated
with the expansion to freestream conditions and reaches a
maximum value of 2.47 just 0.22 jet diameters from the ori-
fice. Thus, underexpansion effects are confined to a relati-
vely small region, as discussed earlier. It is also interesting
to note that in both cases, the jet velocity actually drops
below the freestream velocity and asymptotically approaches
Uj = (/«,= 1 as</>,-Odeg.

Figure 12a illustrates the drastic effect that increasing the
freestream Mach number Mx has on a perfectly expanded,

Fig. 8 Effect of jet-to-crossflow velocity ratio Uj0 on jet penetration.

. 2

w
x

o>

:«,=0.5, Mj=1.0, Ujo=2.0

10 20

Dimensionless Time, t

Fig. 9 Vortex half-spacing histories.

30

Fig. 10 Extrainment ratio as a function of distances measured along
the jet centerline.
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Fig. 11 Jet axial velocity histories for perfectly expanded (R = 4) and
underexpanded (R = 12) jets.

constant-density jet. In increasing M& from 0.25 to 0.75, over-
all penetration is reduced by 84%, which is not surprising since
R drops by a factor of 9 with this increase in Mw. Figure 12b
demonstrates that Mw is still an important parameter even
when jet-to-crossflow momentum ratio is held fixed. The pri-
mary factor causing this result is the increased vortex pair
separation force Fy at higher Mw values. Inclusion of shock
losses within the jet would make the comparison even more
dramatic than Fig. 12b since the M& - 0.75 jet is highly under-
expanded (PJ0/Poo = 9).

The final parameter to investigate is the jet injection Mach
number My, which is varied from 1 to 3 in Fig. 13. In this
figure, jet reservoir stagnation conditions are held fixed
(PQJ = 105, p0j = 13.1) so that the effects of various nozzle
expansion ratios can be determined. Nozzle expansion ratios
of 1, 1.69, and 4.23 correspond to My = 1, 2, and 3, respec-
tively. The momentum ratios corresponding to My = 1, 2, and
3 are R = 78, 75, and 36, which demonstrates the large effects
on dynamic pressure when expanding a compressible fluid.
The higher velocity associated with My = 2 jet tends to over-
come the lower density, giving a slightly better penetration
than the sonic jet. This difference shown is not that significant,
although the sonic jet is highly underexpanded (PJ/P^ =19),
so that shock losses in this jet will tend to reduce its penetration

10
PO,, pjo=

M.=0.25

a)

5 10

X

15

a)

Fig. 12 Effects of increasing freestream Mach number a) for a per-
fectly expanded, constant-density jet where R is varied; b) for condi-
tions where R - 16 is held fixed.

b) x
Fig. 13 Effects of injection Mach number on jet trajectory a) for
given jet stagnation conditions; b) for conditions where R - 36 is held
fixed.
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from that shown in Fig. 13. For this reason, we see that a
slightly supersonic injection is desirable to enhance penetra-
tion of a compressible transverse jet. Of course, R losses asso-
ciated with very high Mj injection preclude this case from
consideration. When R is held fixed and My is varied, as shown
in Fig. 13b, we observe that very little change in penetration
occurs. Since shock losses within the jet are not considered,
keeping constant jet momentum implies a nearly constant pen-
etration. If shock losses were included, the M7 = 1 jet would
have reduced penetration, since it is highly underexpanded
(Pjo/p« = 9).

Summary and Discussion
The vortex model presented in the present paper is useful in

determining the extent of penetration of perfectly or slightly
underexpanded gaseous jets in subsonic crossflow. Model limi-
tations are such that accuracy is diminished at freestream
Mach numbers below 0.15 and above 0.8, although reasonable
results are obtained for flows slightly outside this range.

To consider highly underexpanded jets, a model for jet
shock structure must be included to account for momentum
losses within the jet. In the future, such a model could be
created by following the ideas of Adamson and Nicholls,20

who describe a technique to analyze an underexpanded jet
issuing into quiescent fluid. However, from a practical stand-
point, highly underexpanded jets are not desirable, since mo-
mentum losses in the Mach disk within the jet become pro-
hibitive (see Schetz and Billig21 for further discussion).

One-dimensional mass and momentum balances along the
jet are adequate to predict jet trajectories, but probably do not
predict mixing length or degree of entrainment as accurately.
Future efforts will be aimed at correcting this shortcoming by
refining mass and momentum balances along the jet.

The results shown in Figs. 7-13 indicate the importance of
the injection parameters R, M7, and M^ for prediction of the
jet trajectory and penetration. For some transverse jet applica-
tions, it may be desirable to achieve a constant penetration
over the entire M& range encountered. To meet this require-
ment, a mechanism should be included to keep jet-to-cross-
flow momentum ratios fairly constant. One could use metering
devices to lower the jet reservoir pressure at low M<x values and
raise this pressure as M& increased.

Figure 13a highlights the desirability of slightly supersonic
injection to maximize jet penetration. Parametric analysis
would be required to optimize nozzle design, but it appears
that fairly small expansion ratios appear as optimum. A good
injector nozzle design can minimize shock losses within the jet
and enhance overall penetration.
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